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Preface 
The present paper was prepared within the framework of 
research oriented towards the investiqation of analytic tools 
used in modelling of the regional and national development. 
In particular the paper deals with the optimization of 
demographic and migration policies in socio-economic models. 
The results obtained in the paper can be used also for the 
further studies of the technological chanqe impact on the 
migration from the rural to urban areas. 

On Optimization of Demographic and Migration 
Policies in a Socio-Economic Growth Model. 
Abstract 
The paper deals with a socio-economic model of planned 
national and regional development. The development is regarded 
as a result of accumulation of production factors (i.e. labour, 
capital, etc.), which are controlled by the decision center 
in such a way that the consumption per head allocated among 
different population groups (in preworking, working, post work- 
ing age) in the form of salaries, stipends, al.lowances for 
families with many children, pensions for the retired, etc., is 
maximum, i.e., that a given utility function attains maximum. 
The impact of the consumption allocation on fertility is investi- 
gated. The results obtained are used for determining the 
optimum demographic and migration policies for the allocation 
of labour force in regional systems. 
1. Introduction 
In recent years an increasing interest in the problems of 
modelling and forecasting of regional and national development 
can be observed. The general development process is usually 
accompanied by transition of production factors: the labor force 
and capital. The transition of labor is one of the main factors 
which determine the population migrations. The transition in 
education level, research and development, associated with the 
so called "scientific and technical revolution", also follows. 
The resulting increase in consumption per head as well as the 
increase of health-level is the main cause of the so called 
"transition in demography". 
Before the transition begins life expectancy is less than 
30 years. The average woman has many children but only about 
half of them survives. When the transi.tion is complete life 
expectancy reaches 70 years, the average woman has slightly more 
than two children and the population grows rather slowly. 
Sometimes a fertility stimulating policy is needed. 
Generally speaking, the transition in development processes 
can be studied from two points of view. The first uses the 
descriptive approach, which assumes the development to be pre- 
determined by some endogeneous factors, not expressed explicitly 
in the model. The second approach, called normative, assumes 
that the growth processes can be controlled (e.g. by government 
activities) according to the given goals of development. 
In the present research the normative approach to the 
development has been used. According to that approach we start 
with the economy, described by an extension of the neo-classic 
production function, with the centrally planned allocation of 
production factors. 
As the main development goal, the integrated GNP and con- 
sumption per head has been used. Using the so called "factor 
coordination principle" and an extension of the classic "golden- 
rule of development" theorem, the best strategy of development, 
in terms of factor endowments can be formulated. That theory 
requires that the factors grow in a coordinated fashion. For 
example, the growth of capital (resulting out of investment 
strategy) is correlated with the growth of labor, keeping the 
capital per head on the given (generally changing exponentially 
in time) level. 
Under the optimum strategy the consumption per head is 
predetermined. Since the supply of labor depends on fertility, 
which in turn depends on the consumption allocation (such an 
approach became popular in recent years due to the works of the 
so called "household economists"), our research is also con- 
cerned with the allocation of consumption among different 
population groups. The consumption should be allocated in such 
a way that the given utility function is maximized. 
In the model discussed, the following four groups of 
population have been introduced: 
Lo = part of population in pre working age, 
L1 = the working part of population in working age, 
L2 = the non working part of population in working 
age, 
L3 = part of population in post working age. 
The utility introduced in the model takes into account the 
consumption per head in each group Li, i = o, 1...3. 
Then the optimum strategy of allocation of consumption, i.e., 
the salarie5,can be derived. It is shown that in a stable 
population the optimum strategy of income allocation and opti- 
mum population policy can be coordinated. 
Then a fertility model, which depends on consumption per head 
(by Lit i = o ... 3) can be introduced and it is possible to 
find the population growth resulting out of the optimal develop- 
ment policy. 
Using that approach it is also possible to investigate the 
economic system consisting of two sectors: agriculture and the 
rest of the economy. The optimum allocation of production factors 
in this system can be derived and the impact of the technoloqical 
change can he investigated. In particular, the transition in sec- 
tors employment and the resulting migration pattern between the 
rural and urban areas can be studied. 
In the planned economy the transition of labour can be 
achieved, generally speaking, by two kinds of policies: 
a) the (long term) demographic policy, which affects the 
fertility in urban and rural areas, 
b) the (short. term) migration policy, which affects the 
migration pattern. 
The implementation of these policies requires, generally 
speaking, the expenditures, which reduce the expected benefits, 
resulting out of the optimum strategy in allocation of resources. 
As shown in the paper an optimum strategy exists which 
takes into account the expected cost and benefits and that 
strategy can be derived in the numerical form. Starting with 
that strategy it is also possible to derive the optimum strateqy 
of investments, personal and aggreqate consumption, expendit-ures 
connected with demographic and migration policies, etc. 
The general idea, which we have tried to emphasize in the 
present paper, is based on the belief that the optimum strategy 
of development should take into account (besides the economic 
factors such as capital investment), the socio-economic factors - 
(such as the demographic factors and migrations) and environment 
pollution impact. 
The author feels very much ohliqed to Professor N. Keyfitz 
for reading the manuscrint and for his valuable comments. 
2. Optimum allocation of resources 
Consider the socio-economic model of development shown in 
Fig. l*. The general assumption is that economic growth, i.e., 
the output production Y, is influenced by three main feedbacks: 
1. accumulation of capital K due to the investments Z2 
2. technical progress, due to the government expenditures 
Z , v = 3 ... m in health, education research and 
development, etc., which can also be regarded as the 
so called aggregate consumption 
3. employment L1 which depends on de~.ographic factors 
and first of all on fertility (which in turn depends 
on allocation of consumption among different population 
groups), migration, etc. 
The model also uses a normative approach to planning and 
management of development. The decision center DC. is concerned 
with the optimum allocation of resources, i.e., the allocation 
of GNP Y, among the personal consumption (Z1 1 , investments (Z2) 
and aggregate consumption (Z 
v' 
= 3 ... m) in such a way that 
the given utility function U1 is maximum. 
The Socio-economic Policy Center is concerned with the 
allocation of Z1 among the different population groups in such 
a way that the given utility function U2 is maximum. 
In the planned economies these two decisions centers (in 
Poland the Planning Commission and the Committee for Prices and 
* That model was studied also in Ref. ( 4 , 5 ) .  
Wages) cooperate closely to realize the common development goal. 
It is assumed that the output production intensity y(t), 
depends on a number of production (development) factors inten- 
sities, Fv (t), v = 1 ... m, which represent the employment 
(V = 11, capital stock (v = 2) and the level of health, education, 
research and development etc., (v = 3, ... m). 
Using the general methodology developed in Ref. ( 4 )  to 
the model investigated, it is possible to describe the mapping 
z -+ f+y, by the production function: 
- - 
m 
where C L?, = 1 
v= 1 
A, p = given positive constants. The functions fv are 
generally nonlinear, dynamic operators of zv. A typical operator 
of that type is: 
where 0 < ctv < I, 
6 given positive constants, 
v 
zV T = factor expenditure intensity. 
* )  The variables zv, yv are assumed to be continuous in time 
which is a matter of convenience rather than general philosophy. 
It should be observed that fv (zv ) is a strictly concave, 
dynamic operator. There is a constant delay T between the in- 
v 
put and output. The factor fv (t) depreciates in time with the 
time constant 6v. As shown in [ 5 ]  the formation of capital 
(due to the investment Z1), or the education, research and 
development-level etc., (due to government expenditures 
z , v = 3 ... m) can be described by (2). In the case of labour, 
v 
i.e., v = 1, there are no inertial effects involved and it is 
possible to assume T1 = 0 ,  a l  = 1, + SO that fl (t) = zl (t) 
i.e., employment is expressed in monetary terms (salaries). 
It should be observed that in the planning practice 
instead of dealing with time variables, y(t), fv(t) v = 1 ... m. 
the integrated, discounted values: 
where A, Av, = discount rates, F,  = L1 = labour resources, 
T = given planning horizon; are being used. 
In the case when the amount of factors P v = 1 .... m, 
v 
is given one would like to know how the factors should change in 
time in order to maximize Y, subject to (4) . 
Using the generalized Hdlder inequality 
which becomes an equality when (almost everywhere): 
1 
- 
1 
- 
cV I vV(t) I 'V = I vl (t) I B 1  , cv = c0nst.v = 2 . . . rn; 
one finds: 
One finds also that under optimum strategy 
The obtained result indicates that Y attains the maximum 
value (6) when the factors fV(t) , v = 1 ... m, change in co- 
ordinated fashion. The relations (5) will be called therefore 
the principle of factor coordination. According to that prin- 
ciple the capital, edu~ation~research and development etc., 
should change along with employment in fixed proportions. 
If the employment growth rate is X 1  the output growth rate 
p = under (5) strategy is: 
Y 
The variables Y, Fv, v =  1 ... m, in ( 3 )  (4) are expressed 
in natural units. Introducing the price p of the output Y and 
- 
prices uV= v = 1 ... m, for rental of factors, which satisfy 
the relation: 
it is also possible to express (4) in monetary units Fv= Gv Fv, 
v = 1 ... m. Assuming f (t) = 1, for T + m one gets by virtue 
v 
where T~ is the time period in which the factor original value 
- 
Fv depreciates to zero. 
Since 
represents the total expenditure on factor endowments it is 
natural to assume F = Y. Then a problem of finding optimum values 
A 
Fv 
= Fv, v=l... rr, which maximum (6), can be solved. It can 
be shown that 
". 
I n t r o d u c i n g  t h e  v a r i a b l e s  W = F 1 ,  v  = 2  ... m ,  
v 
o n e  g e t s  by v i r t u e  o f  ( 7 )  t h e  f o l l o w i n g  c o n d i t i o n s  f o r  t h e  
o u t p u t  maximizing s t r a t e g y .  
A 
When Fv , v  = 1 ... m ,  a r e  known and t h e  employment f l ( t )  = E ( t )  
i s  g i v e n  it i s  p o s s i b l e  t o  f i n d  by u s i n g  ( 5 )  and ( 2 )  t h e  
n e c e s s a r y  e x p e n d i t u r e s  zv ( t )  , v = 2  . . . m ,  t& [O,Tl 
Another  p o s s i b l e  approach  i s  t o  f i n d  z , ( t )  r a t h e r  by u s i n g  
t h e  f a c t o r  c o o r d i n a t i o n  p r i n c i p l e  ( 5 )  and t h e  c o n s t r a i n t s  of  
t h e  form: 
Such an a p p r o a c h  h a s  been used  i n  t h e  Ref .  [ 4 ] .  I n  t h e  
p r e s e n t  p a p e r  w e  s h a l l  d e a l  howev-er, w i t h  t h e  i n t e g r a t e d  ( w i t h i n  
t h e  p l a n n i n g  h o r i z o n )  v a r i a b l e s .  T h a t  approach  s i m p l i f i e s  t h e  
c a l c u l a t i o n  and  d o e s  n o t  o b s c u r e  t h e  b a s i c  i s s u e s  s t u d i e d  i n  
t h e  p a p e r .  
When t h e  p l a n n i n g  h o r i z o n  T is l o n g  enough it i s  a l s o  
p o s s i b l e  ( s e e  Ref .  [ 5 ]  ) t o  r e g a r d  t h e  l a b o u r  s u p p l y  a s  a  r e s u l t  
o f  t h e  demographic  p o l i c y ,  chang ing  t h e  f e r t i l i t y  and  t h e  b i r t h  
r a t e .  The f a c t o r  c o o r d i n a t i o n  p r i n c i p l e  c a n  be  used  i n  t h a t  
case to find the best demographic policy (assuming the cost of 
implementation of that policy to be given). 
The output maximizing strategy [5] may not satisfy the 
consumers and maximization of the consumption per head is 
assumed sometimes as the main development goal. According to 
that approach and factor coordination principle we would like 
A 
to find Wv = Wv, v = 2 .... m, which maximize the consumption 
per head, i.e. 
Since U1 is a strictly concave differential function the 
conditions of optimality become: 
dU1 - 'i- 1 'v - 
dWi - Bi P A  Wi n Wv - W = 0 ,  
v=2 i 
vfi 
W 
Denoting In Wi = vi, i - - a i ' i = 2 ... m, BiPA 
the system of equation (9) becomes 
Assuming that 
A 
one can easily find the set of positive numbers W v =  W 
vf = 2 . . .m, 
which constitute the solution of the linear system of equations 
A 
Setting Wv, v = 2 ... m. into (10) one can derive also the 
maximum consumption per head employed or,more accurately, the 
gross salary i,. 
The strategy described by (12) can be regarded as an 
extension of the classical "golden rule theorem", which was 
originally proved for m = 2 and an exponentially growing labour. 
Since in the present model we are dealing with the integrated 
variables it is possible to avoid the last assumption which is 
very restrictive. 
It should be observed that in the present model we can 
also avoid the assumption made in classical golden rules, that 
factor ratios, i.e., capital/labour = W = const. at each time 1 
instant. That assumption is replaced by less restrictive 
factor coordination principle. 
Under factor coordination principle ( 5 )  and consumption 
maximizing strategy (12) the factors grow with different rates, 
However, when the employment intensity R(t) = fl(t) is given 
A 
exogeneously the z v = 2 ... m expenditures, derived by solving 
v 
the equations 
may violate the constraints (8), (9). A possibility also exists 
to solve the problem in the expenditures space Z, i.e. 
max Ul ( 2 )  
ZEZ 
- 
subject to the constraints (8), (9). When T is a short time inter- 
A 
val the strategy - z(t) = - z(t) ,t E [O,T], obtained in that way, 
may not satisfy the relations 
However,it is possible to show, that when the factors reach the 
- 
A 
required levels, i.e. wV - wv, v = 2 ... m, the growth will follow 
A 
the optimum strategy (13). The obtained value of U1 (3) can be 
then regarded as the maximum possible consumption per working 
head, in the stabilized situation (14). 
3. Optimum allocation of consumption and the demographic 
policy impact. 
In the present section we shall assume that ll = U1 is 
given (determined by the strategy of allocation of resources 
z) and the problem consists in finding the best strategy of 
- 
allocation of axong different yopulation groups. For that 
- 
reason wl will be regarded as the average gross salary imputed 
to one worker in the planning interval T. The standard govern- 
ment policy in the planned economy is to impose a tax tl on the 
gross salary J ,  so that net average wage per worker is w = 1 
- 
=wl(l-tl). The difference Zltl is used for financial support 
of different population groups in the form of allowances for 
families with many children, stipends, paid leaves for working 
mothers, pensions for retired people, etc. 
The socio-economic policy center (see Fig. 1) is therefore 
concerned with the best allocation of ;, among the different 
population groups Li, i = 0, 1, 2, 3. We shall assume a 
"salary" w to be attached to each Li group, so that the follow- i 
ing condition holds: 
where Li are group-population resources in [O,T], i.e. 
T 
f 
Li = ] Ri(t)dt, Ri (t) = population number in the 
year t in group i. 
The Li are closely related to the numbers of population in 
the age sub-intervals: 
No = number of people in the preworking age [O,a], 
N1 = number of people in the working age [a,B] I 
N2 = number of people in the post-working age [B ,cd ]  
Obviously not all the people in the working age are employed and 
it is necessary to split the N1 into two parts L1 = X N ~  = the 
As a result we get: 
It should be noted that the constraint (16) does not take 
into account the allocation of consurnption within the family, 
which is the basic social unit with common household. Assuming 
that the population investigated consists of M typical families 
with a members of each group Li (i.e. Li = Mai, i = 0,1. 2, 3) i 
and that the corresponding members consume an average k the i ' 
family budget constraints can be written in the form: 
Where I denotes the additional (besides employment) forms of 
family income, s = family savings. 
The problems of allocation of consumption within the family 
will not be studied here. However, when ki,I,s are given, it 
is possible to supply (16) with the additional constraints of 
the form: 
The socio-economic policy center is concerned with the 
maximization of an utility function which takes into account 
the consumption by different Li groups and the leisure time 
which has a value proportional to the cost of consumption lost, 
i . e . ,  ( 1 - X ) w i  I n  t h e  p r e s e n t  p a p e r  t h e  s i m p l e  u t i l i t y  which 
t a k e s  i n t o  a c c o u n t  t h e s e  f a c t o r s  w i l l  b e  i n v e s t i g a t e d :  
The v a l u e  o f  IT g e n e r a l l y  s p e a k i n g ,  s h o u l d  b e  less u n i t y ,  
what  c o r r e s p o n d s  t o  t h e  d e c r e a s i n g  r e t u r n  t o  s c a l e  w i t h  r e s p e c t  
t o  t h e  consumpt ion  g rowth .  The impac t  o f  d e t e r i a t i o n  o f  e n v i r o n -  
m e n t a l  q u a l i t y  d u e  t o  t h e  i n c r e a s e d  consumpt ion  c a n  b e  h a n d l e d  
by i n t r o d u c i n g  i n  ( 1 7 )  a d d i t i o n a l  f a c t o r  o f  t h e  form: 
3 - E  i ( e i w i )  , ei, E = g i v e n  p o s i t i v e  cons t - .an ts ,  which , 
i = O  i ~ 
s p e c i f i e s  t h e  Li g r o u p  c o n t r i b u t i o n s  t o  t h e  env i ronmen t  p o l l u t i o n .  
I 
The n e t  r e s u l t  i s  a d e c r e a s e  o f  r i  by i . e .  t h e  ni numbers 
- 
i n  ( 1 7 )  s h o u l d  b e  r e p l a c e d  by ii = I T -  and i ' 
- 
3 
IT = I T - C  E 
i = O  i ' 
I t  s h o u l d  b e  n o t e d  t h a t  i n t r o d u c i n g  a t y p i c a l  form o f  u t i l i t y  
(17 )  r a t h e r  t h a n  a g e n e r a l  f u n c t i o n  U ( w  ... w 3 , X  ... 1 ,  w e  are 
0 
a b l e  t o  d e r i v e  more s p e c i f i c  and c o n c r e t e  r e l a t i o n s .  The p r o d u c t  I 
form o f  ( 1 7 )  e n a b l e s  s u b s t i t u t i o n s  and p r e f e r e n c e s  among v a r i a b l e s  
W i ' i = 0,  1, 2 ,  3 ,  t o  t a k e  p l a c e .  The f u n c t i o n  (17 )  i s  
strictly convex so the unique optimum stategy (in terms of w.) 
1 
exists for the given budgetary constraints. The nil i = 0,1,2,3, 
coefficients should be regarded as the components of the socio- 
economic policy objectives. They determine the socio-economic 
development strategy in terms of ui. 
The main problem which faces the socio-economic policy 
center, is therefore to find the wi= wi i = 0,1,2,3, 
which maximize U2 (o) subject to (16). Assuming that 
No 
-
N2 
-I do not depend much on the w,, i = 0,1,2,3, it is pos- 
A 
sible to show that the optimum values wi, which maximize (17) 
subject to (16) become: 
The advantage of relations (18) is that they are simple 
enough so it is possible to use the statistical data regarding 
i = 1,2,3, and identify the past policy objec- 
tives in terms of .rr parameters. The utility parameters deter- i 
mined ex post can be then used ex ante when the model is used 
for forecasting purposes. 
When (18) strategy is used one gets 
where 
CI = 
1 
7r + 7 r l  + 7 r 2  + 7r 
0 3 
A 
V!h~n a > 0 ,  @ > O ,  it i s  p o s s i b l e  t o  f i n d X  = X ,  which 
A 
maximum ( 1 9 )  . S i n c e  t h e  f u n c t i o n  U 2  ( X )  i s  concave  w e  f i n d  X by 
s o l v i n g  t h e  e q u a t i o n s  
which y i e l d s  
a s  t h e  optimum l e i s u r e  t o  working t i m e  r a t i o  o f  t h e  p o p u l a t i o n  
conce rned .  T h a t  c o e f f i c i e n t  d o e s  n o t  u s u a l l y  change  m,uch. I n  
Poland ,  i n  t h e  y e a r s  1970-1973, X was a round  0 , 8 3 .  
Assuming X t o  b e  g i v e n  w e  can  b e  conce rned  now w i t h  t h e  
u t i l i t y  
The s i m p l e s t  s i t u a t i o n  e x i s t s  when w e  d e a l  w i t h  a  s t a b l e  
p o p u l a t i o n ,  h a v i n g  t h e  g rowth  r a t e  r .  I n  t h a t  c a s e  (see Ref [ 3 ] ) :  
where p(a) = number-living column of the life table with radix 
unity - the function determining survivorship. 
Assuming, as an example: 
and = 3 t W = q  
a C1 
one gets 
where R = e  - (X+r) a 
It should be observed that 
I So an increase in population growth rate r decreases - and 
Nn 
V 
N 1  increases - . As a result of these changes the population 
N, 
growth may increase the financial support for retired and may 
result in an increase of utility. At the same time the decreased 
financial support for the Lo group may reduce that benefit. 
Samuelson (Ref. [lo]) has shown that when consumption per capita 
is divided between two qroups of population (productive and 
economical dependent) the golden rule favours population growth. 
After finding the best consumption strategy it is then possible 
to find the optimum value of population growth rate which 
maximizes the utility. 
It should be observed that the utility (17) differs from 
the Samuelson formulation. First of all (17) takes into account 
the allocation of consumption in terms of salaries mainly. 
Obviously, in order to have a model which should explain how 
A 
the optimum stable growth rate r is related to the national 
development it is necessary to take also into account a number 
of non-economical factors and objectives. First of all the 
effects of depletion of natural resources and deterioration of 
environment due to population congestion should be introduced 
in the utility function. It is' also necessary to take into 
account the parents happiness resultinq out of family life, i.e. 
having children and grandparents. That effect can be introduced 
in (21) by assuming 
Then, in order to have a more realistic model, which could 
h 
be used for finding the optimum growth rate r for the population 
studied it is necessary to replace 71 n in (21) by 
0' 3 
- 
 
'lr 3 - E 3  - p3, where E E 0' 3 
represent the congestion effect. 
Assuming that an idealised population has arrived under 
a socio-economic and demographic policy to a stable development. 
we can formulate the corresponding necessary and sufficient 
condition for that policy to be optimum. In other words we shall 
A 
find the conditions under which r = r maximizes the utility 
function (21). 
For that purpose one can use the relations: * )  
where Ti(o) is the average a$e in Ni class. 
It is possible to show that 
Then, the necessary condition of optimality becomes 
where 
The sufficient condition of optimality for r = r, (which 
is the unique solution of (24)) becomes: 
The conditions (24) (25) can be also written: 
It can be shown that 
so there is no optimum value of age limits a, B maximizing 
utility. However, these parameters can be used as additional 
demographic policy variables. For example, the conditions ( 2 6 )  
can be satisfied not only by changing r but as well by changing 
the a, $, parameters. An increase of the lower working age 
limit a, will increase To(r) and Tl(r) but it has no effect on 
* )  I am indebted to Prof. N. Keyfitz for suggesting that 
approach to me. 
T? (r) . In the same way an increase of B .  increases Tl (r) .T2 (r) 
but not To(r). An increase of w.(due to the better health ser- 
vices) change T2 (r) but not T (r) and Tl (r) . 
0 
- 
Regarding the '; -rr parameters as instruments of long term 
0' 3 
socio-economic policy it is possible to see that the optimality 
- 
conditions (26) can be also satisfied by changing 2 . These 
1T 0 
two policies should be coordinated in order to satisfy the 
equilibrium conditions (26). When the demographic policy is 
coordinated, according to (26),the supply of labour and the 
development strategy (derived in Sec.2) is completely determined. 
In the model investigated so far we have neglected the 
possible impact of fertility changes (due to the changes in 
W i' i = 0,i,2,3) on the population groups No, N,, N2. 
In order to find that impact it is necessary to introduce 
a fertility model, which takes into account the existing empirical 
facts and theories. There is vast literature on that subject 
(see for example the survey given in Ref.[2]). In the micro- 
economic analysis of fertility one can identify two distinct 
kinds of models: those which apply the traditional micro-economic 
models and those that apply Becker-Lancaster (Ref. [1,6]) methods 
of analysis. The traditional models can be classified at least 
in four groups. 
The first group regards children as a by-product of sexual. 
activity so that a decrease of marriage age increases the number 
of children per family. The second group regards children as 
investment goods so the parents choose between the current and 
f u t u r e  consumpt ion .  Accord ing  t o  t h a t  t h e o r y  when 2 i n c r e a s e s  
1 
t h e  f e r t i l i t y  s h o u l d  d e c r e a s e  ( b e c a u s e  t h e  p a r e n t s  a r e  n o t  s o  
much d e p e n d e n t  a t  r e t i r e m e n t  on  t h e  f i n a n c i a l  s u p p o r t  o f  t h e i r  
c h i l d r e n ) .  The t h i r d  g r o u p  r e g a r d s  c h i l d r e n  a s  consumpt ion  g o o d s ,  
i . e .  t h e  p a r e n t s  c h o o s e  between c h i l d r e n  and a l l  o t h e r  commodi t i e s .  
W 
0 An i n c r e a s e  i n  - would i n c r e a s e  t h e  f e r t i l i t y  b e c a u s e  t h e  c o s t  
1 
o f  h a v i n g  c h i l d r e n  d e c r e a s e s  ( a s  compared t o  t h e  cost  o f  o t h e r  
c o m m o d i t i e s ) .  I t  i s  a r g u e d ,  however ,  t h a t  a n  i n c r e a s e  o f  w l  
may n o t  i n c r e a s e  t h e  number o f  c h i l d r e n  b e c a u s e  t h e  cost o f  
b r i n g i n g  up a  c h i l d  i s  less f o r  less income f a m i l i e s .  I t  was 
a r g u e d  f o r  example  t h a t  f e r t i l i t y  a s  a  f u n c t i o n  o f  income 
( i . e .  u l )  t a k e s  a n  U form s h a p e .  
The f o u r t h  g r o u p  o f  models  assumes  t h a t  t h e  p a r e n t s  make 
a  c h o i c e  be tween  c h i l d  q u a l i t y  and q u a n t i t y  a s  consumer goods .  
The B e c k e r - L a n c a s t e r  a p p r o a c h  i s  b a s e d  on t h e  s o  c a l l e d  "house-  
h o l d  economy". Becker  s t u d i e d  f o r  example ,  f e r t i l i t y  i n  t e r m s  
o f  commodi t i e s  s u c h  a s  " q u a l i t y  o f  c h i l d r e n " ,  which i s  produced  
by i n p u t s  o f  goods  and p a r e n t a l  t i m e .  More c h i l d r e n  h e r e  need  
more p a r e n t a l  t i m e .  I f  t h e  p a r e n t s  work t h e y  have  no  t i m e  f o r  
b r i n g i n g  up  t h e  c h i l d r e n .  Taking  i n t o  a c c o u n t  t h e  e x i s t i n g  
t h e o r i e s  i n  f e r t i l i t y ,  and t h e i r  r e l a t i o n s  t o  o u r  o i l  i = 0 , 1 , 2 , 3 ,  
v a r i a b l e s ,  it i s  p o s s i b l e  t o  i n t r o d u c e  t h e  f o l l o w i n g  f e r t i l i t y  
f u n c t i o n :  
where ($70 t a k e s  i n t o  a c c o u n t  t h e  i n c r e a s e  i n  f e r t i l i t y  d u e  t o  
a n  i n c r e a s e  o f  t h e  f i n a n c i a l  s u p p o r t  f o r  c h i l d r e n ,  
(;)0 takes into account the decrease in fertility by 
. . 
increased support of the retired, 
X -a 1 the decrease of fertility resulting out of increased 
working time (the working parents have no time to 
raise children) 
-a 
(1-X) the increase of fertility out of increased leisure 
time 
a(y) takes into account all the exogeneous factors, such 
as ethical views, religion, etc. 
In the case when fertility increases along with wl (start- 
ing from wl = d ) it is necessary to assume a - a < 0 1 3 0 
and a3 
- a. 
> 0 in the opposite case (wl < GI) . 
Using the fertility model proposed and assuming that the 
model parameters do not depend on the age structure the constraints 
(16) can be now written in the form: 
where r can be computed by solving the equation 
where 
m(a) = the probability of a woman a years of age having a child 
in the interval (a, a + da) . 
NOW we can try to solve the problem of finding wi = wit i = 0,3,2,3, 
which maximize (17) subject to the nonlinear constraints (28) (29). 
That problem can be solved numerically by using, e.g. the well 
known gradient projection technique. 
It should be observed that using the present model we are 
able to endogenize(at least in theory) most of the demographic 
parameters, which affect the labour supply and optimum growth 
strategies. However, many parameters expressed by vector in 
(27) remain still exogeneous. 
4 .  Optimization of migration policies in regional systems. 
In section 2 we dealt with allocation of resources in 
integrated one sector economy. In the present section we shall 
assume that we have n different regional systems, each described 
by different utility functions U (Fvi). The central government i 
is concerned with the allocation of resources among different 
regions in such a way that the resulting utility 
attains maximum, subject to the constraints 
The regional utilities can be assumed, according to (6),in the 
form: 
where 
m 
Ri = given positive constants. 
h 
The optimum allocation strategies Fvi = Fvi for the simple 
case Bvi = Bv i = 1 ... n, become [ 4 1  
Under optimum strategy ( 3 3 )  one gets: 
Generally speaking, the introduction of regional transition of 
production factors gives us more possibilities to realize the 
optimum allocation of factor's strategies, formulated in sec. 2, 
than in the closed simple sector economic system. 
By virtue of ( 3 3 )  one finds in particular the optimum 
labour allocation strategy: 
where L is the total labour force. 
If the labour is not allocated in the optimum manner a 
reallocation process is needed. The reallocation of labour by 
means of migrations may be connected with additional costs and 
one would like to know what are the net benefits resulting out 
of labour transition, or - what is the best migration strategy. 
In order to find that strategy we start with the following 
benefit function: 
A q i m  Bv i AU = U - H Ri ll [Fvi] , 
< = I  (34) 
.L v=l 
which says how much the economy will gain when instead of the 
existing allocation of resources F v = I . m, i = 1 ... n, 
vi' 
one uses the optimum strategy Fvi, v = 1 
... m, i = 1 ... n. (33) 
In particular, consider a system consisting of two sectors, 
such as the agriculture and the rest of the economy. During the 
transition period the labour migrates from the country to urban 
centers. In the planned economy that migration process can be 
influenced by government policy, which is motivated by the 
expected cost-benefits arguments. In order to find out the 
best policy, in that respect it is necessary to investigate a 
model with expected labour supplies and demands. Ass?zming in 
our general model m = 1, n = 2, Bll = (312 = B, the formula (34) 
can be written in the following form: 
Since 
one gets 
= R ~ L  B 
Assume that the labour supply in the two regions investigated to 
- 
- - h 
be L1 , L2 respectively ( 5  1 + L2 = L), and El, L2 < c 2 .  The 
- 
difference between demands L1, L2 and supplies El, L2 can be 
made zero by introducing migration L , i.e. lJ 
h 
Then the problem boils down to finding L = L , which 
iJ P 
maximize the benefits: 
where C (L ) = migration costs. 
?J ?J 
- 
In the more general case one can assume that E l ,  L 2  
2 depend on the vectors of variables (nl - ,n A ) representing the 
components of the socio-economic and demographic policies in 
the two regions respectively and (35) can be replaced by 
The present simple model can be easily generalized to in- 
clude the migrations among the n given regions, as well as the 
costs of transition of all the remaining factors, and first of 
all - the transfer of capital. 
It should be observed that the demographic policy is 
especially effective in the case of long planning intervals. 
In the case of short planning intervals more effective isthe 
optimal migration policy. The general problems of migration 
policy and migration models were studied in many papers (see 
Ref. [9,11]. In the present paper we are concerned mainly 
with the optimization of migration and demographic policies 
within the general framework of complex socio-economic 
development. 
It should be also observed that in order to have a good 
normative model for investigation of the optimum demographic 
and migration policies it is necessary to take into account the 
t e c h n o l o g i c a l  change  impac t  and  t h e  c o m p a r a t i v e  a d v a n t a g e s ,  
which d e t e r m i n e  t h e  r e g i o n a l  deve lopment  o p p o r t u n i t i e s .  
Such a  model ,  c a l l e d  M R I  h a s  been  c o n s t r u c t e d  r e c e n t l y  
a t  t h e  P o l i s h  Academy o f  S c i e n c e s  (see R e f . [ 4 ] ) ( t h e  g e n e r a l  
s t r u c t u r e  o f  t h a t  model i s  shown i n  F i g .  1) .  Using  t h a t  model 
w e  w e r e  a b l e  t o  f i n d  t h e  f o r e c a s t s  o f  demands f o r  l a b o u r  i n  
d i f f e r e n t  s e c t o r s  o f  t h e  P o l i s h  economy. I n  p a r t i c u l a r  w e  w e r e  
a b l e  t o  d e r i v e  t h e  f o r e c a s t s  o f  l a b o u r  demands i n  a g r i c u l t u r e  
A A 
( ~ , ( t )  ) and t h e  res t  o f  t h e  economy (Lr ( t ) )  ( u p  t o  1985)  f o r  
d i f f e r e n t  deve lopmen t  s t r a t e g i e s ,  t a k i n g  i n t o  a c c o u n t  such  
f a c t o r s  a s  t h e  e x p e c t e d  changes  o f  terms o f  t r a d e  i n  f o r e i g n  
t r a d e ,  change  i n  t e c h n o l o g y  o f  p r o d u c t i o n ,  change  o f  l a b o u r  
A A 
e f f i c i e n c y ,  e t c .  G e n e r a l l y  s p e a k i n g  t h e  demands L r ( t ) ,  L a ( t ) ,  
h a s  d i f f e r e d  from t h e  e x p e c t e d  f o r e c a s t s  o f  n a t u r a l  s u p p l y  o f  
l a b o u r  i n  a g r i c u l t u r e  za ( t )  and t h e  rest  o f  t h e  economy: ( t)  .r 
The e x p e c t e d  n a t u r a l  m i g r a t i o n  f o r e c a s t s  between t h e  r u r a l  and 
u r b a n  a r e a s  shows t h a t  n a t u r a l  m i g r a t i o n  w i l l  b e  u n a b l e  t o  s o l v e  
t h e  problem so t h e  c o n t r o l  o f  m i g r a t i o n  seems t o  b e  i n e v i t a b l e .  
I n  t h e  r e s e a r c h ,  which  i s  now unde r  way, w e  a r e  t r y i n g  t o  f i n d  
t h e  e x p e c t e d  b e n e f i t s ,  which  r e s u l t  o u t  o f  t h e  c h a n g e s  i n  g e n e r a l  
deve lopmen t  s t r a t e g L e s , t h e  n e c e s s a r y  l a b o u r  m i g r a t i o n s ,  and 
cost c o n n e c t e d  w i t h  t h e  i nduced  m i g r a t i o n s .  The m i g r a t i o n  costs 
i n  Po land  a r e  c o n n e c t e d  m a i n l y  w i t h  b u i l d i n g  new h o u s e s  and o t h e r  
f a c i l i t i e s  i n  u r b a n  a r e a s .  
Accord ing  t o  some f o r e c a s t s  a b o u t  7 i 10 m i l l i o n s  o f  p e o p l e  
s h o u l d  b e  t r a n s f e r r e d  from t h e  c o u n t r y  t o  u r b a n  a r e a s  up t o  t h e  
y e a r  2000. T h a t  amount o f  m i g r a n t s  c r e a t e s  a  d i f f i c u l t  p roblem 
in the construction of new houses and other expenditures. 
According to some opinions in the long run a demographic policy 
which would increase the present slow demographic growth at 
large cities, like Warszawa (5,4 per 1000 in 1975) and - 
decrease (about three times larger) growth in the country - would 
be beneficiary. Since the percentage of people employed by 
government is bigger in the cities than in the country a program 
W 
of stimulation of fertility by means of increasing - o would 
affect first of all the urban population. ("1 
However, the social cost of growing labour in the country 
is generally less than in large cities. An important problem 
for national and regional optimum planning consists (~ef.[7]), 
therefore in deriving the strategy of allocation of the expendi- 
tures C , and the best strategy of the demographic policy (in 
1-1 
2 terms of - nl, n ) in such a way that the benefits (36) attain 
- 
maximum. Using the methodology proposed one can derive also 
the optimum strategies in allocation of the Fv factors (in 
particular the labour force L1) and the utility in terms of 
The optimum values of factors F v = 2 ... m derived in 
v ' 
that manner can be also used for finding the demands for employ- 
ment in non productive sectors of the economy such as education, 
health service, research & development, etc. (which was in Poland 
in 1973 almost 13% of the total employment with an increasing 
tendency) . 
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